Characterizations of Clifford semigroup digraphs  by Panma, S. et al.
Discrete Mathematics 306 (2006) 1247–1252
www.elsevier.com/locate/disc
Note
Characterizations of Clifford semigroup digraphs
S. Panmaa,1, N. Na Chiangmaia, U. Knauerb, Sr. Arworna
aDepartment of Mathematics, Faculty of Sciences, Chiang Mai University, Chiang Mai 50200, Thailand
bInstitut fuer Mathematik, Carl von Ossietzky Universitaet, D-26111 Oldenburg, Germany
Received 15 May 2004; received in revised form 10 October 2005; accepted 18 October 2005
Available online 17 April 2006
Abstract
This paper characterizes directed graphs which are Cayley graphs of strong semilattices of groups and, in particular, strong chains
of groups, i.e. of completely regular semigroups which are also called Clifford semigroups.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
One of the ﬁrst investigations on Cayley graphs of algebraic structures can be found in Maschke’s Theorem from
1896 about groups of genus zero, that is, groups G which possess a generating system A such that the Cayley graph
Cay(G,A) is planar, see for example [15]. In [10] Cayley graphs which represent groupoids, quasigroups, loops or
groups are described. The result for groups originates from [14] and is meanwhile folklore, see for example [2]. After
this it is natural to investigate Cayley graphs for semigroups which are unions of groups, so-called completely regular
semigroups, see for example [13]. In [1] Cayley graphs which represent completely regular semigroups which are
right (left) groups are characterized. We now characterize Cayley graphs which represent Clifford semigroups. Recent
studies in a different direction investigates transitivity of Cayley graphs of groups and semigroups [7], of right and left
groups and of Clifford semigroups [12]. Other related results can be found, for example, in [5,7,9]. Relations to network
theory together with many theoretical results are presented in [4]. The concept of the Cayley graph of a groupoid has
also been considered in relation to automata theory in a recent book by Kelarev [6].
2. Basic deﬁnitions and results
All sets in this paper are assumed to be ﬁnite. A groupoid is a non-empty set G together with a binary operation on
G. A semigroup is a groupoid G which is associative. A monoid is a semigroup G which contains a (two-sided) identity
E-mail addresses: panmayan@yahoo.com (S. Panma), knauer@uni-oldenburg.de, knauer@mathematik.uni-oldenberg.de (U. Knauer),
srichan28@yahoo.com (Sr. Arworn).
1Supported by the graduate school of Chiang Mai University, Thailand.
0012-365X/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2005.10.028
1248 S. Panma et al. /Discrete Mathematics 306 (2006) 1247–1252
element eG ∈ G. A group is a monoid G such that for every a ∈ G there exists a group inverse a−1 ∈ G such that
a−1a = aa−1 = eG.
Let S be a semigroup. The setC(S)={c ∈ S|cs=sc for all s ∈ S} is called the center of S. The set of all idempotents
of S is denoted by E(S). An element s ∈ S is called a regular element, if sxs = s for some x ∈ S. One calls S a regular
semigroup if all of its elements are regular. A regular semigroup S is called a Clifford semigroup if E(S) ⊆ C(S), i.e.
idempotents of S commute with all elements of S.
If (Y, ) is a non-empty partially ordered set such that the meet a∧b of a and b exists for every a, b inY we say that
(Y, ) is a (lower) semilattice. A semigroup S is said to be a semilattice of groups (G, ◦),  ∈ Y , ifY is a semilattice,
S =⋃∈Y G, and GG ⊆ G∧, and a strong semilattice of groups (or a strong chain of groups ifY is a chain) if, in
addition, for all  in Y there exists a group homomorphism f, : G → G such that f, = idG is the identity
mapping and for all , ,  ∈ Y with , we have f, ◦ f, = f,, where the multiplication ∗ on S =
⋃
∈Y G
is deﬁned for x ∈ G and y ∈ G by
x ∗ y = f,∧(x)◦∧f,∧(y).
Theorem 2.1 (Kilp et al. [10], Petrich and Reilly [13]). For a semigroup S the following are equivalent:
(i) S is a Clifford semigroup,
(ii) for every s ∈ S there exists x ∈ S such that sxs = s and sx = xs,
(iii) S is a semilattice of groups,
(iv) S is a strong semilattice of groups.
In the sequel, we will use the term strong semilattice of groups instead of Clifford semigroup, since we will use the
respective properties and formulate results also for the more special case of strong chains of semigroups. We need the
following standard deﬁnitions.
Deﬁnition 2.2. Let (V1, E1) and (V2, E2) be digraphs. A mapping  : V1 → V2 is called a (digraph) homomorphism
if (u, v) ∈ E1 implies ((u),(v)) ∈ E2, i.e.  preserves arcs. We write  : (V1, E1) → (V2, E2). A digraph
homomorphism  : (V ,E) → (V ,E) is called a (digraph) endomorphism. If  : (V1, E1) → (V2, E2) is a bijective
digraph homomorphism and−1 is also a digraph homomorphism, then is called a (digraph) isomorphism. A digraph
isomorphism  : (V ,E) → (V ,E) is called a (digraph) automorphism.
Deﬁnition 2.3. Let G be a groupoid (semigroup, group, etc.) and A ⊆ G. We deﬁne the Cayley graph Cay(G,A) as
follows: G is the vertex set and (u, v), u, v ∈ G, is an arc in Cay(G,A) if there exists an element a ∈ A such that
v = ua. The set A is called the connection set of Cay(G,A).
Note that this way we do not get multiple edges in Cayley graphs. For groupoids this may in some cases imply a loss
of information. Note, moreover, that there exist several slightly different deﬁnitions of Cayley graphs, in particular the
deﬁnition by left action of the elements of A. Using right action we can write mappings (color endomorphisms) on the
left to get a biact, see [9].
Deﬁnition 2.4. A digraph (V ,E) is called a groupoid (semigroup, group, etc.) digraph or digraph of a groupoid,
(semigroup, group, etc.) if there exists a groupoid (semigroup, group, etc.) G and a connection set A ⊆ G such that
(V ,E) is isomorphic to the Cayley graph Cay(G,A). We speak about G-groupoid digraphs, if we want to consider
various subsets A ⊆ G and the respective Cayley graphs Cay(G,A).
For terms in graph theory not deﬁned here, see for example [3].
Theorem 2.5 (Na Chiangmai [11], Sabidussi [14]). A digraph (V ,E) with n vertices is a group digraph if and only
if its automorphism group Aut(V ,E) contains a subgroup  of order n such that for any two vertices u, v ∈ V there
exists  ∈  such that (u) = v.
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3. General lemmas
Lemma 3.1. Let Y be a ﬁnite semilattice, (⋃∈Y G; ∗
)
a strong semilattice of groups (G; ◦),  ∈ Y , and let A be




, then  and for each









. Then there exists a ∈ A
such that y′ = x′ ∗ a with a ∈ G for some  ∈ Y . Hence, y′ = x′ ∗ a = f,∧(x′)◦∧f,∧(a) and thus ∧ = 
and . Moreover, for any x ∈ G we get
x ∗ a = f,∧(x)◦∧f,∧(a) = f,(x)◦f,(a).





In this lemma we use the concept of group digraph from Deﬁnition 2.3 and the concept strong group subdigraph,
meaning that the injection is a strong graph homomorphism, or in other words, we mean the induced subdigraph, i.e.
the subdigraph having all edges between its vertices which exist in the big digraph between the respective vertices.
In this lemma, to be used in Theorem 4.1 and Corollary 4.2, we restrict our attention to one-element connection sets.
Lemma 3.2. Let Y be a ﬁnite semilattice, (⋃∈Y G; ∗
)
a strong semilattice of groups (G; ◦),  ∈ Y . Take a ∈⋃




contains |Y | disjoint strong group subdigraphs (G, E),  ∈
Y , where (G, E)Cay(G, A) with A := {f,(a)} for a ∈ G, , and A := ∅ otherwise.





show that (G, E) is isomorphic to Cay(G, A) where A := {f,(a)} for a ∈ G and . Let  : (G, E) →
Cay(G, A) be the identity mapping on the group G. We will show that  and −1 are digraph homomorphisms.
For x, y ∈ G, take (x, y) ∈ E. We prove that (x, y) is an arc in Cay(G, A). Since (G, E) is the strong









have y = x ∗ a. For the given a ∈ G, say, for  ∈ Y . Hence,
y = x ∗ a = f,∧(x)◦∧f,∧(a),
and thus  ∧ = . Therefore, , and thus y = x◦f,(a). Hence (x, y) is an arc in Cay(G, A).
For x, y ∈ G, let now (x, y) be an arc in Cay(G, A). Therefore, there exists  ∈ Y such that  and
y = x◦f,(a) = x ∗ a. Therefore (x, y) is an arc in (G, E). 
4. Clifford semigroup digraphs
Now we proceed to the main results and ﬁnally give an example of Cayley graphs of a Clifford semigroup with
different connection sets. In the ﬁrst theorem we describe the structure of Cayley graphs of a given strong semilattice
of groups with a given connection set. In view of Lemma 8.3 in [8] we know that Cay(G,A) = ⋃a∈A Cay(G, {a}).
Corollary 4.2 specializes the result of Theorem 4.1 for strong chains of groups.
Theorem 4.1. Let Y be a ﬁnite semilattice, (⋃∈Y G; ∗
)
a strong semilattice of groups (G; ◦),  ∈ Y . Take a ∈
G ⊆ ⋃∈Y G. Then
(1) the Cayley graph Cay (⋃∈Y G, {a}
)
contains |Y | disjoint strong group subdigraphs (G, E),  ∈ Y , where
(G, E) := Cay(G, A) with A := {f,(a)} if , A := ∅ otherwise, in particular, A = {a}, and
(2) if  




if and only if > ,  ∧  = , and
(f,(x), y) is an arc in Cay(G, A) for the given a ∈ G.
Note that for =  the condition in (2) is not fulﬁlled since ∧  
= . If =  we have that (f,(x), y) is an arc
in Cay(G, a).
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Proof. By Lemma 3.2, we get (1).
For (2) take  
=  in Y , y ∈ G, x ∈ G.




, i.e. y = x ∗ a, a ∈ G,  ∈ Y . Therefore, y =
f,∧(x)◦∧f,∧(a) and  ∧  = , i.e. y = f,(x)◦f,(a) and > . Thus, (f,(x), y) is an arc in
Cay(G, A).
(⇐) Suppose >  and (f,(x), y) is an arc in Cay(G, A), i.e. y = f,(x)◦f,(a) for the given a ∈ G.






Corollary 4.2. Let Y be a ﬁnite chain, (⋃∈Y G; ∗
)
a strong chain of groups (G; ◦),  ∈ Y . Take a ∈ G ⊆⋃
∈Y G. Then
(1) the Cayley graph Cay (⋃∈Y G, {a}
)
contains |Y | disjoint strong group subdigraphs (G, E),  ∈ Y , where
(G, E) := Cay(G, A) with A := {f,(a)} if , A := ∅ otherwise, in particular, A = {a}, and
(2) if  




if and only if >  and (f,(x), y)
is an arc in Cay(G, A).
Proof. By Theorem 4.1(1), we get (1). For (2) we get that a ∈ A if  ∧  = . Indeed, if  
= , and  ∧  =  for
 ∈ Y we get =  since Y is a chain, and thus f,(a) = a. Now Theorem 4.1(2) is (2). 
The following theorem takes an approach opposite to Theorem 4.1. We describe when a graph, whose vertex set
can be associated with the elements of a strong semilattice of groups, is a strong semilattice of groups digraph, by
constructing the appropriate connection set. Corollary 4.4 does the same for strong chains of groups digraphs. Here, it
is necessary to consider connection sets A with more than one element.
Theorem 4.3. Let Y be a ﬁnite semilattice, (⋃∈Y G; ∗
)
a strong semilattice of groups (G; ◦),  ∈ Y, e denotes




be a digraph such that:
(1) the graph (⋃∈Y G, E
)
contains |Y | disjoint strong group subdigraphs (G, E) where (G, E)=Cay(G, A)
and A := {a ∈ G|(e, a) ∈ E} for  ∈ Y , and
(2) if B := {a ∈ A|(e, a) ∈ E f or all }, then (x, y) ∈ E, x ∈ G, y ∈ G, if and only if  and
there exist  ∈ Y ,  ∧  =  and a ∈ B such that y = f,(x)◦f,(a). Moreover, if >  and one has one





is a strong semilattice of groups digraph.




starting in e and B contains those vertices of A which




starting in e for all > .
Proof. With B = {a ∈ A|(e, a) ∈ E for all }, we set A :=
⋃









, let  : (⋃∈Y G, E
) → Cay (⋃∈Y G, A
)
be the identity mapping on
⋃
∈Y G. We will show





If = , then by (2), we have y = x◦f,(a), for some a ∈ B and . Then y = x ∗ a, a ∈ B ⊆ A. Thus





If > , then by (2), we get y = f,(x)◦f,(a) for some  ∈ Y such that  ∧ =  and some a ∈ B. Hence









. We prove that (x, y) ∈ E. The hypothesis implies y = x ∗ a
for some a ∈ A =⋃∈YB. Hence a ∈ B for some  ∈ Y . By Lemma 3.1, we get .
If = , then y = f,∧(x)◦∧f,∧(a), = ∧ . Hence y = f,(x)◦f,(a)= x◦f,(a). By (2), we get
that (x, y) ∈ E.
If >  then y = f,∧(x)◦∧f,∧(a). Thus  =  ∧  and therefore y = f,(x)◦f,(a). By (2), we get
(x, y) ∈ E.
Note that the “Moreover” part in (2) actually follows from the rest of (2) by Lemma 3.1. 
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Corollary 4.4. Let Y be a ﬁnite chain, (⋃∈Y G; ∗
)
a strong semilattice of groups (G; ◦),  ∈ Y , e denotes the




a digraph such that:
(1) the graph (⋃∈Y G, E
)
contains |Y | disjoint strong group subdigraphs (G, E)where (G, E)=Cay(G, A)
and A := {a ∈ G|(e, a) ∈ E} for  ∈ Y , and
(2) if B := {a ∈ A|(e, a) ∈ E for all }, then (x, y) ∈ E, x ∈ G, y ∈ G, if and only if  and
(f,(x), y) is an arc in Cay(G, B). Moreover, if >  and one has one (x, y) ∈ E then for all x ∈ G





is a strong chain of groups digraph.
For the following examples we recall that for any semigroup G and connection set A we have Cay(G,A) =⋃
a∈A Cay(G, {a}), cf. Lemma 8.3 in [8].
Example 4.5. We consider the strong semilattice of groups consisting of three copies ofZ2, elements being denoted by
e, x (at the bottom) and similarly with indices  (top left) and  (top right), with one group homomorphism being the
identity mapping (from top right), the other one the constant mapping onto the identity e (from top left) as indicated.
Then we give the Cayley graphs Cay(G,A) for all the six different one-element connection sets A, as indicated in the
picture.
1252 S. Panma et al. /Discrete Mathematics 306 (2006) 1247–1252
Acknowledgment
The ﬁrst author would like to thank the graduate school of Chiang Mai University for support.
References
[1] Sr. Arworn, U. Knauer, N. Na Chiangmai, Characterization of digraphs of right (left) zero unions of groups, Thai J. Math. 1 (2003) 131–140.
[2] N. Biggs, Algebraic Graph Theory, Cambridge University Press, Cambridge, 1993.
[3] G. Chartrand, L. Lesniak, Graphs and Digraphs, Chapman & Hall, London, 1996.
[4] M.-C. Heydemann, Cayley graphs and interconnection networks, in: G. Hahn, G. Sabidussi (Eds.), Graph Symmetry, Kluwer, Dordrecht, 1997,
pp. 167–224.
[5] A.V. Kelarev, On undirected Cayley graphs, Australas. J. Combin. 25 (2002) 73–78.
[6] A.V. Kelarev, Graph Algebras and Automata, Marcel Dekker, New York, 2003.
[7] A.V. Kelarev, Labelled Cayley graphs and minimal automata, Australas. J. Combin. 30 (2004) 95–101.
[8] A.V. Kelarev, C.E. Praeger, On transitive Cayley graphs of groups and semigroups, European J. Combin. 24 (2003) 59–72.
[9] A.V. Kelarev, S.J. Quinn, A combinatorial property and Cayley graphs of semigroups, Semigroup Forum 66 (2003) 89–96.
[10] M. Kilp, U. Knauer, A.V. Mikhalev, Monoids, Acts and Categories, W. de Gruyter, Berlin, 2000.
[11] N. Na Chiangmai, On graphs deﬁned from algebraic systems, Master Thesis, Chulalongkorn University, Bangkok, 1975.
[12] S. Panma, U. Knauer, Sr. Arworn, On transitive cayley graphs of right (left) groups and of Clifford semigroups, Thai J. Math. 2 (2004)
183–195.
[13] M. Petrich, N. Reilly, Completely Regular Semigroups, Wiley, New York, 1999.
[14] G. Sabidussi, On a class of ﬁxed-point-free graphs, Proc. Amer. Math. Soc. 9 (1958) 800–804.
[15] A.T. White, Graphs, Groups and Surfaces, Elsevier, Amsterdam, 2001.
